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Multivariate Methods
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• Input: a data sample with multiple features (variables/ 
inputs)

• Output (of Prediction)
– Classification: class code (discrete variable)
– Regression: real number (continuous variable)

• Supervised learning
– Model/function to be trained with labeled training samples
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Multivariate Data

• Each data sample is represented by an observation 
vector with      dimensions
– Each dimension of the vector is termed input/feature/attribute
– Dimensions with different types and value domains

• The whole data set of size       can be viewed as a data 
matrix

– Features are usually assumed correlated !
• Otherwise, there is no need for a multivariate analysis
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Multivariate Data (cont.)

• Motivations for multivariate data analysis
– Simplification

• Assume that the large body of data can be well summarized 
by means of relatively few parameters

– Exploration 
• Predict the value of one variable form the values of other 

variables
– Multivariate classification (Discrete)
– Multivariate regression (Numeric)
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Parameter Estimation

• Mean of data samples

• Covariance matrix of data samples

[ ] ( )
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
==⋅= ∫

d

dxPE
µ

µ
M
1

µxxX

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

2
1

2
2
221

112
2
1

dd

d

d

σσ

σσσ
σσσ

LL

MMMM

L

L

Σ

jiij

ii

XX
X

 and   variables twoof covariace :
  variablea of  variance:2

σ
σ

( )
( )( )[ ] [ ] jijijjii

jiij

XXEXXE

XX

µµµµ

σ

−=−−=

≡

      

,Cov

( )
( )( )[ ] ( )[ ] ( )

2

22

      

      

,Cov

i

iiiiii

iiii

XEXXE

XX

σ

µµµ

σ

=

−=−−=

≡

Mean of Column 1 of matrix X

Mean of Column d of matrix X

[ ] [ ] [ ] jijiji

ji

XEXEXXE

XX

µµ==

t independen are  and  if

[ ] ( ) jijix x jiji dxdxxxPxxXXE
i j∫ ∫=



MLDM-Berlin Chen 6

Parameter Estimation (cont.)

• Covariance matrix is symmetric
– Diagonal terms: variances
– Off-diagonal terms: covariances

• Correlation between two variables        and 

– Two variables independent  → covariance =correlation=0
– But covariance =correlation=0 does not imply two variables are 

independent  (nonlinear dependence)
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Parameter Estimation (cont.)

• If      and      are linear dependent iX jX
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Parameter Estimation (cont.)

• Maximum Likelihood Estimators
– Sample mean as an estimator for mean

– Sample covariance matrix as an estimator for covariance matrix

– Sample correlation coefficients
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Multivariate Normal Distribution

• A random variable       that is    -dimensional and normal 
distributed, is denoted as ( )Σµx ,~ dN

dx
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Multivariate Normal Distribution (cont.)

• If each dimension is independent of 
one another and with same variance 
value

• If each dimension is independent of 
one another and with different variance 
value

• If each dimension is dependent of 
one another with 

• If each dimension is dependent of 
one another with

( ) 0,Corr 21 >XX

( ) 0,Corr 21 <XX
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Multivariate Normal Distribution (cont.)

• If the components of  random variable     are independentx
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Multivariate Normal Distribution (cont.)
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• Recall: The project of a d-dimensional normal distribution 
on a vector      is univariate normal   (suppose that               )
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Multivariate Classification

• Normal density                  as the class-conditional 
probability               of random variable 

• Define the discriminant function as
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Multivariate Classification (cont.)

• Maximum likelihood (ML) training of classifiers
– Given a set of labeled samples
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Quadratic Discriminant

• The discriminant function with normal class-conditional 
density can be expressed as a quadratic discriminant
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Quadratic Discriminant (cont.)

likelihood

posterior

likelihood

( )
( )
( ) ( ) ( )

( ) ( )
( )

0

2010

2121

21

20222

10111

         

               
         

~
 

 

wW

ww

ggg
wg

wg

T

TTT

TT

TT

′+′+′=

−+
−+−=

−=
++=

++=

xwxx

xwwxWWx

xxx
xwxWxx

xwxWxx



MLDM-Berlin Chen 17

Linear Discriminant

• The discriminant function with normal class-conditional 
density sharing the same covariance matrix can be 
expressed as a linear discriminant
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Linear Discriminant (cont.)

likelihood
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Naïve Bayes’ Classifier

• The discriminant function with normal class-conditional 
density sharing the same diagonal covariance matrix can 
be expressed as a naïve Bayes’ classifier 
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Naïve Bayes’ Classifier (cont.)

• If the variances (diagonal terms) of the naïve Bayes’
classifier are further set to equal for all dimensions
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Nearest Mean Classifier

• Assign the data sample to the class of the nearest mean
– If the priors            are further set to equal( )iCP
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Tuning Complexity

• Tradeoff between the bias and variance of an estimator

– Simplifying covariance matrix → decreasing number of 
parameters  → introducing estimation bias

– Arbitrary covariance matrix → much more data is needed  →
introducing estimation variance

• Regularized Discriminant Analysis (RDA, 1989)
– Use a weighted average of three special cases of covariance 

matrix ( ) iSSIS ⋅−−+⋅+⋅=′ βαβσα 12

a specific covariance 
matrix for each class

a shared covariance 
matrix for all classes

a shared diagonal covariance 
matrix (with equal variance) 
for all classes
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Discrete Features

• Features that take one of n different values
– E.g.

• If each feature is a binary random variable
– Bernoulli distribution

– If features are further assumed to be independent 
• Assumption for Naïve Bayes’ classifier

• Discriimant function

– Linear ?
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• Appendix A
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Discrete Features (cont.)

• Maximum likelihood estimation for        (for binary variable)

• Extension: features are independent multinomial random 
variables

– Define the probability that          belongs to        and take :
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Discrete Features (cont.)

– Assumption for Naïve Bayes’ classifier

– Discriimant function

• Linear ?

– Maximum likelihood estimation for
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