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Digital Signal Processingg g g

• Digital Signalg g
– Discrete-time signal with discrete amplitude

[ ]nx

• Digital Signal Processing
– Manipulate digital signals in a digital computer
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Two Main Approaches to Digital Signal 
ProcessingProcessing

• Filteringg

Filter
Signal in Signal out

[ ]nx [ ]ny[ ] nx [ ]ny

Amplify or attenuate some frequency
components of [ ] nx

• Parameter Extraction

P tSignal in Parameter outParameter
Extraction

Signal in Parameter out
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Lce.g.:
1. Spectrum Estimation
2. Parameters for Recognition
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Sinusoid Signals

: amplitude (振幅)
[ ] ( )φω += nAnx cos

A
10

frequency normalized:
≤≤ f

f

– : amplitude (振幅)
– : angular frequency (角頻率), 
– : phase (相角)

ω
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f ππω 22 ==

: phase (相角)φ Period, represented 
by number of samples
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• E.g., speech signals can be decomposed as 
sums of sinusoids



Sinusoid Signals (cont.)g ( )

• is periodic with a period of N (samples)[ ]nx is periodic with a period of N (samples)[ ]nx
[ ] [ ]nxNnx =+

( ) ( )φφ ANA )(( ) ( )φωφω +=++ nANnA cos)(cos
)21(  2 ,...,kkN == πω

π2

• Examples (sinusoid signals)
N
πω 2

=

• Examples (sinusoid signals)

– is periodic with period N=8[ ] ( )4/cos1 nnx π=
– is periodic with period N=16
– is not periodic

[ ] ( )8/3cos2 nnx π=

[ ] ( )nnx cos3 =
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Sinusoid Signals (cont.)g ( )
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Sinusoid Signals (cont.)g ( )

• Complex Exponential Signalp p g
– Use Euler’s relation to express complex numbers

j
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Re

φsinAy =

real part



Sinusoid Signals (cont.)g ( )

• A Sinusoid Signalg

[ ] ( )φω nAnx cos +=[ ] ( )
( ){ }φω

φω
njAe

nAnx
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Sinusoid Signals (cont.)g ( )

• Sum of two complex exponential signals with p p g
same frequency
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– When only the real part is considered

( )φ= jAe
numbers real are  and  , 10 AAA

( ) ( ) ( )φωφωφω +=+++ nAnAnA coscoscos 1100
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– The sum of N sinusoids of the same frequency is 
another sinusoid of the same frequency



Sinusoid Signals (cont.)g ( )

• Trigonometric IdentitiesTrigonometric Identities
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Some Digital Signalsg g

SP- Berlin Chen 11



Some Digital Signalsg g

• Any signal sequence            can be represented 
hif l d

[ ]nx
as a sum of shift and scaled unit impulse 
sequences (signals) 

∞[ ] [ ] [ ]knkxnx
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δ    

scale/weighted
Time-shifted unit 
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Digital Systemsg y

• A digital system T is a system that, given an 
input signal x[n], generates an output signal y[n]

[ ] [ ]{ }nxTny =

[ ]nx { }•T [ ]ny[ ]nx { } [ ]ny
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Properties of Digital Systemsg y

• Linear
– Linear combination of inputs maps to linear 

combination of outputs

[ ] [ ]{ } [ ]{ } [ ]{ }nxbTnxaTnbxnaxT 2121 +=+

• Time-invariant (Time-shift)
– A time shift in the input by m samples gives a shift inA time shift in the input by m samples gives a shift in 

the output by m samples
[ ] [ ]{ } mmnxTmny ∀±=±   ,[ ] [ ]{ }y

time sift [ ]
[ ] lhifl f)(if

samples shift right  )0 (if  mmmnx ⇒>−
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[ ] samplesshift left )0 (if  mmmnx ⇒>+



Properties of Digital Systems (cont.)g y ( )

• Linear time-invariant (LTI)
– The system output can be expressed as a 

convolution (迴旋積分) of the input x[n] and the 
i l h[ ]impulse response h[n]

[ ]{ } [ ] [ ] [ ] [ ] [ ] [ ]khknxknhkxnhnxnxT ∑ −=−∑=∗=
∞∞

  

– The system can be characterized by the system’s 
impulse response h[n], which also is a signal

kk −∞=−∞=

impulse response h[n], which also is a signal 
sequence 

• If the input x[n] is impulse        , the output is h[n][ ]nδp [ ] p p [ ]

Digital[ ]nδ [ ]nh
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Properties of Digital Systems (cont.)g y ( )

• Linear time-invariant (LTI)Linear time invariant (LTI)
– Explanation: 

[ ] [ ] [ ]knkxnx −= ∑
∞

δ Time-shifted unit 
impulse sequence[ ] [ ] [ ]

k −∞=

[ ]{ } [ ] [ ]{ }knkxTnxT −=⇒ ∑
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Di i l[ ]nδ [ ]nh Time-invariant
Impulse response 

[ ] [ ]nhnx ∗=                
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Digital
System
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Properties of Digital Systems (cont.)g y ( )

• Linear time-invariant (LTI)
– Convolution

• Example
1

3

Length=M=3

[ ]nδ 0 1
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-2[ ]nh

[ ]3
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LTI
[ ]nx ?
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Properties of Digital Systems (cont.)g y ( )

• Linear time-invariant (LTI)Linear time invariant (LTI)
– Convolution: Generalization

• Reflect h[k] about the origin (→ h[-k])Reflect h[k] about the origin (→ h[ k]) 
• Slide (h[-k] → h[-k+n] or h[-(k-n)] ), multiply it with 

x[k] [ ] [ ] [ ]knhkxny −= ∑
∞[ ]

• Sum up 
[ ]kx
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[ ]kh Reflect Multiply

[ ]kh −
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Sum up
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Properties of Digital Systems (cont.)g y ( )

• Linear time-invariant (LTI)Linear time invariant (LTI)
– Convolution is commutative and distributive

[ ] [ ] [ ]
[ ] [ ] [ ]nhnhnx

nhnhnx 21

**
**   

[ ]nh 1 [ ]nh 2 [ ]nh 2 [ ]nh 1

[ ]h

[ ] [ ] [ ]nhnhnx 12 **=

[ ] [ ] [ ]( )nhnhnx 21*   +

Commutation 

[ ]nh 2

[ ]nh 1

[ ] [ ]nhnh 21 +
[ ] [ ] [ ] [ ]nhnxnhnx 21 ** +=

Distribution 

[ ] [ ] [ ]
[ ] [ ]nxnh

nhnxny
=
=

*       
*

– An impulse response has finite duration
» Finite Impulse Response (FIR)

[ ] [ ]

[ ] [ ]knxkh

knhkx
k
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−=

∑

∑

∞

∞
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» Finite-Impulse Response (FIR)

– An impulse response has infinite duration
» Infinite-Impulse Response (IIR)
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Properties of Digital Systems (cont.)g y ( )

• Prove convolution is commutativeProve convolution is commutative

[ ] [ ] [ ]nhnxny *=

[ ] [ ]knhkx
k
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Properties of Digital Systems (cont.)g y ( )

• Linear time-varying SystemLinear time varying System
– E.g.,                                     is an amplitude modulator [ ] [ ] nnxny 0cos ω=

[ ] [ ] [ ] [ ]0
?

101  that  suppose nnynynnxnx −=⇒−=[ ] [ ] [ ] [ ]

[ ] [ ] [ ] 00011
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coscos                      

pp

nnnxnnxny
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00011

cosBut                nnωnnxnny

y
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Properties of Digital Systems (cont.)g y ( )

• Bounded Input and Bounded Output (BIBO): stablep p ( )

[ ]
[ ]

nBnx x ∀∞<≤ and         

– A LTI system is BIBO if only if h[n] is absolutely summable

[ ] nBny y ∀∞<≤      

[ ]    ∞≤∑
∞

−∞=k
kh
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Properties of Digital Systems (cont.)g y ( )

• Causalityy
– A system is “casual” if for every choice of n0, the output 

sequence value at indexing n=n0 depends on only the input 
sequence value for n ≤ nsequence value for n ≤ n0

[ ] [ ] [ ]∑ ∑
= =

−+−=
K

k

M

mk
kk mnxknyny

1
000 βα

k mk1

1

0β [ ]ny[ ]nx
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β
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1β

z-1

z-1

z-1

1α

2α

z-1
Mβ z 1

Nα
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– Any noncausal FIR can be made causal by adding sufficient long 
delay



Discrete-Time Fourier Transform (DTFT)( )

• Frequency Response ( )ωjeHq y p
– Defined as the discrete-time Fourier Transform  of 

– is continuous and is periodic with period=

[ ]nh
( )

π2( )ωjeH ( )

proportional to two
i  f h  litimes of the sampling

frequency 

j

– is a complex function of ω( )ωjeH

njne nj ωωω sincos +=

Imis a complex function of ω
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ωωω
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j
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j
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j ejHeHeH
∠

+=

( )
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Discrete-Time Fourier Transform (cont.)( )

• Representation of Sequences by Fourier Transformp q y

( ) [ ]∑
∞
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– A sufficient condition for the existence of Fourier transform
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Discrete-Time Fourier Transform (cont.)( )
• Convolution Property

( )
∞
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Discrete-Time Fourier Transform (cont.)( )

• Parseval’s Theorem 222
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power spectrum
The total energy of a signal
can be given in either the 
time or frequency domain

                zyxzz =+=⇒

– Define the autocorrelation of signal 
−∞= πn 2

[ ]nx
[ ] ][][ *R

∞

time or frequency domain. 

l +[ ]

( ) ][][][][          

][][

* nxnxlnxlx

mxnmxnR
m

xx

−∗=−−=

+=

∗∞

−∞=

∑

∑
)(

    
lnnlm

nml
−−=−=⇒

+=

( ) ][][][][
l −∞=
∑

( ) ( ) ( ) ( ) 2* ωωωω XXXS xx ==

⇔

( ) ( ) ( ) ( )xx

[ ] ( ) ( )∫∫ −−
==

π

π

ωπ

π

ω ωω
π

ωω
π

deXdeSnR njnj
xxxx

2

2
1

2
1

SP- Berlin Chen 28

[ ] [ ] [ ] [ ] ( )∑ ∫∑
∞

−∞=
−

∞

−∞=

===

=

mm
xx dXmxmxmxR

n
π

π
ωω

π
22*

2
10

0Set  



Discrete-Time Fourier Transform (DTFT)( )

• A LTI system with impulse response
Wh i h f

[ ]nh
[ ] [ ] ( )φA– What is the output           for  [ ]ny [ ] ( )φω += nAnx cos
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Discrete-Time Fourier Transform (cont.)( )
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Z-Transform

• z-transform is a generalization of (Discrete-Time) Fourier g ( )
transform

[ ] ( )ωjeHnh                 

[ ] ( )zHnh                 

[ ]– z-transform of               is defined as

( ) [ ]∑
∞

∞=

−=
n

nznhzH
[ ]nh

• Where                        , a complex-variable
• For Fourier transform

−∞=n
ωjrez = complex planeIm

ωj

( ) ( ) ω
ω

jez
j zHeH

=
=

Re

ω

ωjez =
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– z-transform evaluated on 
the unit circle

e

)1( == zez jω unit circle
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Z-Transform (cont.)( )

• Fourier transform vs. z-transform
– Fourier transform used to plot the frequency response of a filter
– z-transform used to analyze more general filter characteristics, e.g. 

stability l lIstability complex plan

R2

Im

• ROC (Region of Converge) R1
Re

– Is the set of z for which z-transform exists (converges) ?

[ ] ∞<∑
∞

− nznh absolutely summable

– In general, ROC is a ring-shaped region and the Fourier 
transform exists if ROC includes the unit circle ( )

[ ] ∞<∑
−∞=n

znh absolutely summable

1=z
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transform exists if ROC includes the unit circle (          )1=z



Z-Transform (cont.)
[ ] [ ] [ ]

[ ] [ ]
[ ] [ ]knhkx

nxnh
nhnxny

k
−=

=
=

∑
∞

−∞=
        

*       
*

( )

• An LTI system is defined to be causal, if its impulse 

[ ] [ ]knxkh
k

−= ∑
∞

−∞=
        

y , p
response is a causal signal, i.e.

[ ] 0f0 <h Ri ht id d

– Similarly, anti-causal can be defined as
[ ] 0for    0 <= nnh Right-sided sequence

A LTI t i d fi d t b t bl if f

[ ] 0for     0 >= nnh Left-sided sequence

• An LTI system is defined to be stable, if for every 
bounded input it produces a bounded output
– Necessary condition:Necessary condition:

Th t i F i t f i t d th f t f

[ ] ∞<∑
∞

−∞=n
nh    
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• That is Fourier transform exists, and therefore z-transform 
includes the unit circle in its region of converge



Z-Transform (cont.)( )

• Right-Sided Sequence
– E.g., the exponential signal   

[ ] [ ] [ ] ⎨
⎧ ≥

==
0for     1

erewh1 1
n

nunuanh n

0

[ ] [ ] [ ]
⎩
⎨ < 0for   0

 ere       wh,   .1 1 n
nunuanh

( ) ( ) 1
1

1
1∞ −−∞

=== ∑∑ azzazH
nnn

have a pole at az =( ) ( ) 11 1 −−∞=−∞= −aznn

If 11 <−az

p
(Pole: z-transform goes to infinity) 

azROC >∴    is 1
Imth it l Im

[ ] 1ifexists
ofansformFourier tr
<anh×

the unit cycle
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Rea
[ ] 1 ifexists1 <anh×



Z-Transform (cont.)( )

• Left-Sided Sequenceq
– E.g.

[ ] [ ] ).,-0,-1,-2,..(n 1   .2 2 ∞=−−−= nuanh n

0

[ ] [ ] )(2

( ) [ ] 1
2 1 −−

−∞=

−∞

−∞=
−=−−−= ∑∑ zaznuazH n

n
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n

n If 11 <− za

( ) 11

1
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1

1 1
1
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−

−
=

−
−

−=
−

−=−=−= ∑∑
azza

za
za

zaza
n

n

n

nn

azROC <∴    is 2

Im
the unit cycle

Im

[ ] [ ]
<

nhnh
a

gowillbecauseexisttdoesn'
of ansformFourier tr  the,1when  
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Rea
[ ] [ ]

−∞→n
nhnh

 aslly exponentia 
gowill becauseexist,t doesn 22×



Z-Transform (cont.)( )

• Two-Sided Sequenceq
– E.g.

[ ] [ ] [ ]1
2
1

3
1    .3 3 −−⎟
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⎜
⎝
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3
1

2
11

3
11 11 zzzz

Im
the unit cycle 3

1  and 
2
1   is 3 ><∴ zzROC

Im

3
1
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Re
××

2
1

3 [ ]
circleunit   theincludet doesn'   because

exist,t doesnofansformFourier tr

3

3

ROC
nh



Z-Transform (cont.)( )

• Finite-length Sequence
– E.g.

[ ]
⎩
⎨
⎧ −≤≤

=
th0

10           ,
    .3 4

Nna
nh

n

13221 ..... −−−− ++++ NNNN azaazz
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the unit cycle ( ) 11  ,
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− 4
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7 poles at zero A pole and zero at 
is cancelled az =



Z-Transform (cont.)( )

• Properties of z-transformp
1. If            is right-sided sequence, i.e.                          and if ROC

is the exterior of some circle, the all finite for which             
will be in ROC

[ ]nh [ ] 1  ,0 nnnh ≤=
0rz >z

will be in ROC

• If             ,ROC will include 01 ≥n ∞=z

A causal sequence is right-sided with               
ROC is the exterior of circle including  

01 ≥n
∞=z∴

2 If is left sided sequence i e the ROC is[ ]nh [ ] 0 nnnh ≥=2. If            is left-sided sequence, i.e.                         , the ROC is 
the interior of some circle, 

• If             ,ROC will include 

[ ]nh [ ] 2 ,0 nnnh ≥=

02 <n 0=z
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3. If            is two-sided sequence, the ROC is a ring
4. The ROC can’t contain any poles

[ ]nh



Summary of the Fourier and z-transforms 
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LTI Systems in the Frequency Domainy y

• Example 1: A complex exponential 
sequence
– System impulse response [ ]nh

[ ] njenx ω=
[ ] [ ] [ ]

[ ] [ ]
[ ] [ ]knhkx

nxnh
nhnxny

k
−=

=
=

∑
∞

−∞=
        

*       
*

[ ] [ ] [ ] [ ] knjekhnhnxny ω=∗= −
∞

∞=
∑   )(

-k
( ) ofansformFo rier trthe:ωjH

[ ] [ ]knxkh
k

−= ∑
∞

−∞=
        

[ ]

( )

kjnj ekhe ωω= −
∞

∞=
∑         

-k

( )

responsefrequencysystem
 theas  toreferredoften  isIt           

response. impulse system the          
ofansformFourier trthe:ωjeH

– Therefore, a complex exponential input to an LTI system
lt i th l ti l t th t t b t

( ) njj eeH ωω=       
 response.frequency system          

results in the same complex exponential at the output, but 
modified by

• The complex exponential is an eigenfunction of an LTI 
i l( )

( )jωeH
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system, and               is the associated eigenvalue
[ ]{ } ( ) [ ]nxeHnxT jω=

( )jωeH
scalar



LTI Systems in the Frequency Domain (cont.)y y ( )

• Example 2: A sinusoidal sequence [ ] ( )φ+= nwAnx 0cosp q ( )
[ ] ( )

njjnjj AA
nAnx cos 0

ωφωφ

φω

−−

+=

( )

θ

θ

θθ

θθ
j

j

ie
ie

− −=

+=

1
sincos

sincos

– System impulse response

njjnjj eeee 00

22
       ωφωφ −−+=

[ ]nh

( )θθθ jj ee −+=⇒
2
1cos

( )
ωω

ω

ω

i*

sincos          
* jj
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j
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jejyxz
j
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( ) ( )[ ]0000 )()(
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∠−

−

=

=

( ) ( )[ ]

( ) ( ) ( ) ( )[ ]0
0
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0

0 )()(

2
       

 
2

       

njeHjjωnjeHjjω eeeHeeeHA

eeHeeH

jωjω

+=

+

+−∠−+∠ φωφω
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( ) ( )[ ]
( ) ( )[ ]00

0cos       
2

jωjω eHneHA ∠++= φω
magnitude response phase response



LTI Systems in the Frequency Domain (cont.)y y ( )

• Example 3: A sum of sinusoidal sequencesp q

[ ] ( )∑ +=
K

kkk nAnx cos φω
=k 1

[ ] ( ) ( )[ ]∑ ∠++=
K

j
kk

j
k

kk eHneHAny cos ωω φω
h

– A similar expression is obtained for an input consisting of a sum 
f l ti l

=k 1 magnitude response phase response

of complex exponentials
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LTI Systems in the Frequency Domain (cont.)y y ( )

• Example 4: Convolution Theorem [ ] [ ] ( ) ( )ωω jj eHeXnhnx ⇔∗       

[ ] [ ]∑
∞

−∞=
−=

k
kPnnx δ ( ) ⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −= ∑

∞

k
PP

eX
k

j πωδπω 22DTFT

[ ] [ ] ( ) ( )

[ ] [ ] 1  , <= ∑
∞

−∞=

anuanh
k

n
⎦⎣ ⎠⎝−∞= PPk

( ) ω
ω

j
j

ae
eH −−

=
1

1DTFT

( ) ( ) ( )ωωω

πωδπ

jjj

k

eXeHeY
∞

⎥
⎤

⎢
⎡

⎟
⎞

⎜
⎛

∑

=

221

         

ω
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π
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k
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−∞=
−

=

⎥
⎦

⎢
⎣

⎟
⎠

⎜
⎝

−∑
−

=

1
12        

1
       

has a nonzero jaeP −1 value when

π
ω
2

Pk =
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LTI Systems in the Frequency Domain (cont.)y y ( )

• Example 5: Windowing Theorem [ ] [ ] ( ) ( )ωω jj eXeWnwnx ∗⇔
2
1       ( ) ( )
π2

[ ] [ ]∑
∞

−∞=
−=

k
kPnnx δ

[ ]
⎪⎩

⎪
⎨
⎧

−=⎟
⎠
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⎝
⎛

−
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⎩
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⎠
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∞ ⎟

⎠
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⎨
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has a nonzero 
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Difference Equation Realization 
for a Digital Filterfor a Digital Filter

• The relation between the output and input of a digital p p g
filter can be expressed by 

[ ] [ ] [ ]∑ ∑ −+−=
N M

kk knxknyny βα 0β [ ]ny[ ]nx[ ] [ ] [ ]∑ ∑
= =

+
k k

kk knxknyny
1 0

βα

delay property
[ ] ( )zXnx →

linearity and delay properties z-1

z-1

2β

1β

z-1

z-1
1α

2α

( ) ( ) ( ) kN M
k

k
k zzXzzYzY −−∑ ∑+= βα

[ ] ( )
[ ] ( ) 0

0
nzzXnnx −→−

z-1
Mβ z-1

Nα

( ) ( ) ( )
k k

kk zzXzzYzY
= =
∑ ∑+

1 0
βα

A rational transfer function
Causal:
Rightsided, the ROC outside the   

( ) ( )
( )

∑
=

−

== N

M

k

k
k z

X
zYzH 0

β
outmost pole
Stable:
The ROC includes the unit circle
C l d St bl
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( ) ( ) ∑
=

−−
N

k

k
k zzX

1
1 α Causal and Stable:

all poles must fall inside the unit 
circle (not including zeros)



Difference Equation Realization 
for a Digital Filter (cont )for a Digital Filter (cont.)
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Magnitude-Phase Relationshipg

• Minimum phase system:p y
– The z-transform of a system impulse response sequence ( a 

rational transfer function) has all zeros as well as poles inside the 
unit cycleunit cycle

– Poles and zeros called “minimum phase components”
– Maximum phase: all zeros (or poles) outside the unit cyclep ( p ) y

• All-pass system:
– Consist a cascade of factor of the form

1

11
1

±

− ⎥
⎦

⎤
⎢
⎣

⎡

− az
z-a*

– Characterized by a frequency response
with unit (or flat) magnitude for all frequencies 1

1
1

1 =
− −az

z-a*
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Poles and zeros occur at conjugate 
reciprocal locations



Magnitude-Phase Relationship (cont.)g ( )

• Any digital filter can be represented by the cascade of a y g p y
minimum-phase system and an all-pass system 

( ) ( ) ( )zHzHzH apmin=( ) ( ) ( )apmin

( )
( )

1)(  1 zero oneonly  has  that Suppose <aa*zH

( )
( ) ( )( ) ( )

( )
filter) phase minimum a is (   1

:asexpressed becan circle.unit  theoutside

*
1

*
1 −= zHzazHzH

zH

( )( ) ( )
( )

:where

 
1
11        1

*
1

1 −
−

−
−

−=
az

zaazzH

( )( )
( )1

filter. phase minimum a also is 1

:where

*

1
1

−−

za

azzH
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( )
( ) filter. pass-all a is  
1
1 1−−
−

az
za



FIR Filters

• FIR (Finite Impulse Response)( p p )
– The impulse response of an FIR filter has finite duration
– Have no denominator in the rational function

• No feedback in the difference equation ( )zH

[ ] [ ]M [ ]ny[ ]nx
[ ] [ ]∑

=
−=

M

r
r rnxny

0
β

z-1

z-1

1β
0β

[ ]ny[ ]nx

[ ]
⎩
⎨
⎧ ≤≤

=
h i0

0     , Mn
nh nβ

z-1
Mβ

[ ]
⎩
⎨ otherwise      ,0

( ) ( )
( ) ∑ −==

M

k

k
k z

X
zYzH

0
β

– Can be implemented with simple a train of delay, multiple, and 
add operations

( ) =kzX 0
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First-Order FIR Filters

• A special case of FIR filters p

[ ] [ ] [ ]1−+= nxnxny α ( ) 11 −+= zzH α

( ) jj( ) ωω α jj eeH −+= 1( ) ( )

( ) ( ) ++=++=

−+=

ωααωαωα

ωωαω

cos21sincos1               

sincos1

222

22j jeH
Re Im

( ) ⎟
⎠

⎞
⎜
⎝

⎛
+

−=
ωα

ωαθ ω
cos1

sinarctanje
: pre-emphasis filter0<α

Re

( ) 2( ) 2
log10 ωjeH
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Discrete Fourier Transform (DFT)( )

• The Fourier transform of a discrete-time sequence is a 
continuous function of frequency
– We need to sample the Fourier transform finely enough to be 

able to recover the sequenceable to recover the sequence
– For a sequence of finite length N, sampling yields the new 

transform referred to as discrete Fourier transform (DFT)

( ) [ ] 10   , 
21

0
−≤≤∑=

−−

=
NnenxkX

kn
N

jN

n

π

DFT, Analysis

[ ] ( ) 10   , 1 21

0

−≤≤∑=
−

=

NnekX
N

nx
kn

N
jN

n
π

Inverse DFT, Synthesis
0=N k
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Discrete Fourier Transform (cont.)( )

10 k
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Discrete Fourier Transform (cont.)( )

• Orthogonality of Complex Exponentials g y p p
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⎨
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Discrete Fourier Transform (DFT)( )

• Parseval’s theorem

[ ] ( )∑∑
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=
1

2
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2 1 NN
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nx Energy density[ ] ( )∑∑
== 00 kn N
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Analog Signal to Digital Signalg g g g

Analog SignalAnalog Signal

Digital Signal:

[ ] ( ) periodsampling:TT

Discrete-time Signal or Digital Signal
Digital Signal:

Discrete-time 
signal with discrete

amplitude[ ] ( ) periodsampling:  , TnTxnx a=
nTt =
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rate sampling   1
TFs =

sampling period=125μs
=>sampling rate=8kHz



Analog Signal to Digital Signal (cont.)g g g g ( )

Impulse TrainSampling
Continuous-Time

Signal
Discrete-Time

Signal
Continuous-Time to Discrete-Time Conversion

Impulse Train
To

Sequence [ ] ( ))(   ˆ nTxnx a=

p g

( )
∞

s tx    

( )tx a

( ) ( ) ( ) ( )

( ) ( ) [ ] ( )∑∑

∑
∞∞

∞
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−==

a

n
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δδ

δ
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∞

−= nTtts δ

switch

−∞=−∞= nn

Digital Signal

[ ] nx
−∞=n

Periodic Impulse Train ( ) [ ]nxtxs by  specifieduniquely  becan  

Discrete-time 
signal with discrete

amplitude

( )tx a

amplitude

( ) ( )∞

( )
∞

≠∀= 0  ,0 ttδ
1
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( ) ( )∑
∞

−∞=
−=

n
nTtts δ ( )∫

∞

∞−

= 1dttδ
1

T0 2T 3T 4T 5T 6T 7T 8T-T-2T



Analog Signal to Digital Signal (cont.)g g g g ( )

• A continuous signal sampled at different periodsg p p

( )tx a ( )tx a

TT

1

( )tx ( )

( ) ( ) ( ) ( )∑
∞∞
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−==
n
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δ
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a nTtnxnTtnTx δδ



Analog Signal to Digital Signal (cont.)g g g g ( )

( )ΩjXa

• Spectra
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aliasing distortion
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Analog Signal to Digital Signal (cont.)g g g g ( )

• To avoid aliasing (overlapping, fold over)
– The sampling frequency should be greater than two times of 

frequency of the signal to be sampled →
(Nyquist) sampling theorem

Ns Ω>Ω 2
– (Nyquist) sampling theorem

• To reconstruct the original continuous signal
Fil d i h l fil i h b d li i– Filtered with a low pass filter with band limit

• Convolved in time domain 
sΩ

( ) ( ) ( )∑
∞

= nTthnTxtx
( ) tth sΩ= sinc
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